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Abstract
This paper is devoted to computing the number of isomorphism classes of pointed hyperelliptic curves
over finite fields. We deal with the genus-4 case and the finite fields are of odd characteristic. The number
of isomorphism classes is computed. This number can be represented as a polynomial in q of degree 7,
where q is the order of the finite field. The results have applications in the classification problems and in
the hyperelliptic curve cryptosystems.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
Hyperelliptic curves over finite fields can be applied to cryptography (see Koblitz [10]), and
the genera of curves should be small (see Adleman et al. [1], Enge [7]). Because of the work of
Gaudry [8], the genera of curves should be 2, 3 and 4. For genera 3 and 4, The´riault [14], Gaudry
et al. [9] showed that there exists an algorithm better than Pollard’s ρ algorithm to solve the
discrete logarithm problem on Jacobians of curves, but it takes fully exponential time. Recently,
Pelzl et al. [13] showed that for low cost applications, genus-4 hyperelliptic curves can outper-
form genus-2 hyperelliptic curves and that they can achieve a performance similar to genus-3
hyperelliptic curves. Furthermore, their implementation results show that a genus-4 hyperelliptic
curve cryptosystems (HECC for short) is an alternative cryptosystem to systems based on elliptic
curves. Therefore, HECC with small genus (genus 2, 3 or 4) is still attractive in cryptography.
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In this paper, we compute the number of isomorphism classes of pointed hyperelliptic curves
over finite fields with odd characteristic. For the explicit formulae of genus g = 2 or 3, one can
see Encinas et al. [6], Encinas and Masque´ [5], Deng and Liu [3], Deng [4]. We will give the
explicit formulae for genus-4 curves, and the reduced equations are also given in this paper. The
results may be useful for further studies in the classification problems and in HECC, e.g., for
point counting problems, both on moduli spaces of curves, and on finding the maximal number
of points of a pointed hyperelliptic curve over a given finite field.
Our method in principle is similar to those of Deng and Liu [3] and Deng [4], and the
method is combinatorial in nature. However, the computation for genus-4 curves is much more
complicated, and we need more techniques to count various separable polynomials over finite
fields. A key lemma is the following Lemma 5.11. Roughly speaking, the final explicit formulae
involve only a sum s1+s2+· · ·+sm , but the values of si (i = 1, . . . ,m) are difficult to compute,
and we use a combinatorial technique to compute the sum s1 + s2 + · · · + sm without knowing
the values of si (i = 1, . . . ,m).
2. Preliminaries
A good elementary introduction to hyperelliptic curves can be found in Menezes et al. [12].
In this paper, we consider pointed hyperelliptic curves, i.e. curves admitting an Fq -rational fixed
point O of the hyperelliptic involution. For the details, the reader is referred to Lockhart [11].
Let =g denote the set of all pointed hyperelliptic curves of genus g over Fq .
A Weierstrass equation H of genus g over Fq is an equation of the form
H : v2 + h(u)v = f (u) in Fq [u, v],
where h(u) ∈ Fq [u] is a polynomial of degree at most g, and f (u) ∈ Fq [u] is a monic polynomial
of degree 2g+ 1, and there are no singular affine points. LetRg denote the set of all Weierstrass
equations of genus g.
Proposition 2.1 (Lockhart [11]). There is a 1–1 correspondence between isomorphism classes
of pointed hyperelliptic curves in =g and equivalence classes of Weierstrass equations in Rg .
The equations H1, H2 ∈ Rg are equivalent over Fq if and only if there exist α, β ∈ Fq with
α 6= 0, and t ∈ Fq [u] with deg(t) ≤ g, such that the coordinate transformation
(u, v) 7→ (α2u + β, α2g+1v + t)
transforms equation H1 to equation H2.
Thus, to count the number of isomorphism classes in =g , it is enough to count the number of
equivalence classes of the Weierstrass equations in Rg . It is the number of orbits in Rg under
the action of the group of the coordinate transformations in Proposition 2.1. We combine the
orbit-stabilizer formula and the Burnside lemma to count the number of orbits. In the rest of the
paper, the coordinate transformation refers that in Proposition 2.1.
For a Weierstrass equation of genus g = 4, let
h(u) = a1u4 + a3u3 + a5u2 + a7u + a9,
f (u) = u9 + a2u8 + a4u7 + a6u6 + a8u5 + a10u4 + a12u3 + a14u2 + a16u + a18,
t = α8γ u4 + α6δu3 + α4θu2 + α2ηu + ε.
By Proposition 2.1, under the coordinate transformation
(u, v) 7→ (α2u + β, α9v + t),
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the relations between the coefficients ai and the corresponding coefficients ai (i = 1, 2, 3, 4, 5,
6, 7, 8, 9, 10, 12, 14, 16, 18) of the two Weierstrass equations are
αa1 = 2γ + a1,
α3a3 = 2δ + 4βa1 + a3,
α5a5 = 2θ + 6β2a1 + 3βa3 + a5,
α7a7 = 2η + 4β3a1 + 3β2a3 + 2βa5 + a7,
α9a9 = 2ε + β4a1 + β3a3 + β2a5 + βa7 + a9,
α2a2 = 9β − γ 2 − γ a1 + a2,
α4a4 = 36β2 − 2γ δ − (δ + 4βγ )a1 + 8βa2 − γ a3 + a4,
α6a6 = 84β3 − δ2 − 2γ θ − (θ + 4βδ + 6β2γ )a1 + 28β2a2 − (δ + 3βγ )a3
+ 7βa4 − γ a5 + a6,
α8a8 = 126β4 − 2γ η − 2δθ − (η + 4βθ + 6β2δ + 4β3γ )a1 + 56β3a2
− (θ + 3βδ + 3β2γ )a3 + 21β2a4 − (δ + 2βγ )a5 + 6βa6 − γ a7 + a8,
α10a10 = 126β5 − θ2 − 2δη − 2γ ε − (ε + 4βη + 6β2θ + 4β3δ + β4γ )a1
+ 70β4a2 − (η + 3βθ + 3β2δ + β3γ )a3 + 35β3a4
− (θ + 2βδ + β2γ )a5 + 15β2a6 − (βγ + δ)a7 + 5βa8 − γ a9 + a10,
α12a12 = 84β6 − 2θη − 2δε − (4βε + 6β2η + 4β3θ + β4δ)a1 + 56β5a2
− (ε + 3βη + 3β2θ + β3δ)a3 + 35β4a4 − (η + 2βθ + β2δ)a5 + 20β3a6
− (θ + βδ)a7 + 10β2a8 − δa9 + 4βa10 + a12,
α14a14 = 36β7 − 2θε − η2 − (β4θ + 4β3η + 6β2ε)a1 + 28β6a2
− (β3θ + 3β2η + 3βε)a3 + 21β5a4 − (β2θ + 2βη + ε)a5 + 15β4a6
− (βθ + η)a7 + 10β3a8 − θa9 + 6β2a10 + 3βa12 + a14,
α16a16 = 9β8 − 2ηε − (β4η + 4β3ε)a1 + 8β7a2 − (β3η + 3β2ε)a3
+ 7β6a4 − (β2η + 2βε)a5 + 6β5a6 − (βη + ε)a7
+ 5β4a8 − ηa9 + 4β3a10 + 3β2a12 + 2βa14 + a16,
α18a18 = β9 − ε2 − β4εa1 + β8a2 − β3εa3 + β7a4 − β2εa5 + β6a6
−βεa7 + β5a8 − εa9 + β4a10 + β3a12 + β2a14 + βa16 + a18.
(1)
3. Counting separable polynomials over finite fields
For n ≥ 2, let us denote Nn = ]{ f (X) = Xn + a1Xn−1 + a2Xn−2 + · · · + an−1X + an ∈ Fq
[X ] | f is separable}. The value of Nn was obtained by Carlitz [2].
Theorem 3.1 (Carlitz [2]). Using the above notations, we have Nn = qn − qn−1 for n > 1.
Sometimes we need to count the number of monic separable polynomials of degree n without
the second term. For n ≥ 2, let us denote Mn = ]{ f (X) = Xn+a1Xn−1+a2Xn−2+· · ·+an−1X
+ an ∈ Fq [X ] | a1 = 0, f is separable}.
Proposition 3.2 (Deng [4]). If gcd(n, q) = 1, then we have Mn = qn−1 − qn−2.
Proposition 3.3 (Deng [4]). Let
L1 = ]{ f (X) = X3 + a1X2 + a2X + a3 ∈ Fq [X ] | f is separable and a1 = a2 = 0, a3 6= 0},
L2 = ]{ f (X) = X3 + a1X2 + a2X + a3 ∈ Fq [X ] | f is separable and a1 = a3 = 0, a2 6= 0},
L3 = ]{ f (X) = X3 + a1X2 + a2X + a3 ∈ Fq [X ] | f is separable and a1 = 0, a2 6= 0, a3 6= 0},
L4 = ]{ f (X) = X3 + a1X2 + a2X + a3 ∈ Fq [X ] | f is separable and a2 = 0, a1 6= 0, a3 6= 0},
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L5 = ]{ f (X) = X3 + a1X2 + a2X + a3 ∈ Fq [X ] | f is separable and a3 = 0, a1 6= 0, a2 6= 0},
L6 = ]{ f (X) = X3 + a1X2 + a2X + a3 ∈ Fq [X ] | f is separable and a1 6= 0, a2 6= 0, a3 6= 0},
then we have
char(Fq ) = 2 char(Fq ) = 3 char(Fq ) 6= 2, 3
L1 q − 1 0 q − 1
L2 0 q − 1 q − 1
L3 (q − 1)2 (q − 1)2 (q − 1)(q − 2)
L4 (q − 1)2 (q − 1)2 (q − 1)(q − 2)
L5 (q − 1)2 (q − 1)(q − 2) (q − 1)(q − 2)
L6 (q − 1)2(q − 2) (q − 1)(q2 − 3q + 3) (q − 1)(q2 − 3q + 4)
Proposition 3.4. Let f (u) = u4+a1u3+a2u2+a3u+a4 ∈ Fq [u] be a polynomial of degree 4
over the finite field Fq . Define R = ]{ f | f (u) is separable, a4 6= 0, and a1, a3 are not all zero}.
Then, we have R = q2(q − 1)2, if char(Fq) 6= 2. Define R1 = ]{ f | f (u) is separable, a4 6= 0,
a3 = 0, a2 6= 0, a1 = 0}, R2 = ]{ f | f (u) is separable, a4 6= 0, a3 6= 0, a2 6= 0, a1 = 0},
R3 = ]{ f | f (u) is separable, a4 6= 0, a1 6= 0}. Then, if char(Fq) = 3, we have R1 = (q − 1)
(q − 2), R2 = (q − 1)(q2 − 3q + 3), R3 = (q − 1)(q3 − 2q2 + 2q − 2).
Proof. Suppose f (u) is separable. By Theorem 3.1, the number of f is q4−q3. Since a3, a4 are
not all zero, we distinguish two cases: a4 = 0 and a4 6= 0. By using Proposition 3.3, it is easy to
get the desired results. Here we omit the details. 
Remark. Proposition 3.4 is a key preliminary result for our latter computation; another is the
following Lemma 5.11. In general, the number of various higher degree separable polynomials,
i.e. with restricted conditions on coefficients, is hard to compute. In Proposition 3.4, we compute
the values of R1, R2 and R3 under the condition char(Fq) = 3. Without the condition, there is
no answer.
4. Char(Fq) 6= 3
In this section, we suppose char(Fq) 6= 3 and q is odd. In Eq. (1), we can choose γ, β, δ,
θ, η, ε such that a1 = a3 = a5 = a7 = a9 = a2 = 0. So we can suppose a1 = a3 = a5 = a7
= a9 = a2 = 0 (also a1 = a3 = a5 = a7 = a9 = a2 = 0). By Eq. (1), it implies γ = δ
= θ = η = ε = β = 0. And Eq. (1) turns into
α4a4 = a4,
α6a6 = a6,
α8a8 = a8,
α10a10 = a10,
α12a12 = a12,
α14a14 = a14,
α16a16 = a16,
α18a18 = a18.
(2)
And the Weierstrass equation turns into
v2 = f (u), (3)
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where f (u) = u9+a4u7+a6u6+a8u5+a10u4+a12u3+a14u2+a16u+a18. Eq. (3) represents
a hyperelliptic curve if and only if f (u) is a separable polynomial over Fq . The coordinate
transformation is
(u, v) 7−→ (α2u, α9v), α 6= 0.
So the group of the coordinate transformations is determined by α, and its order is q − 1. Define
H = { f | f (u) = u9 + a4u7 + a6u6 + a8u5 + a10u4 + a12u3 + a14u2 + a16u
+ a18 ∈ Fq [u], f (u) is separable}.
By Proposition 3.2, we have | H |= q8 − q7.
For f ∈ H, in the stabilizer of f , by Eq. (2) we have
α4a4 = a4, α6a6 = a6, α8a8 = a8, α10a10 = a10,
α12a12 = a12, α14a14 = a14, α16a16 = a16, α18a18 = a18.
For a positive integer n, define Gn = {α ∈ F∗q | αn = 1}. We know that the order of Gn is gcd
(q − 1, n). Since f (u) is separable, a16, a18 are not all zero. We distinguish three cases:
(i) a16 = 0, a18 6= 0
When a6 = a12 = a4 = a8 = a10 = a14 = 0, the stabilizer is G18;
when a6 = a12 = 0 and a4, a8, a10, a14 are not all zero, in the stabilizer we must have α18 = 1
and α4 = 1 or α8 = 1 or α10 = 1 or α14 = 1, i.e., α2 = 1, and hence the stabilizer is G2;
when a6, a12 are not all zero and a4 = a8 = a10 = a14 = 0, the stabilizer is G6;
when a6, a12 are not all zero and a4, a8, a10, a14 are not all zero, the stabilizer is G2.
(ii) a16 6= 0, a18 = 0
When a6, a10, a14 are not all zero, the stabilizer is G2;
when a6 = a10 = a14 = 0 and a8 = a4 = a12 = 0, the stabilizer is G16;
when a6 = a10 = a14 = 0 and a8 = 0 and a4, a12 are not all zero, the stabilizer is G4;
when a6 = a10 = a14 = 0 and a8 6= 0 and a4 = a12 = 0, the stabilizer is G8;
when a6 = a10 = a14 = 0 and a8 6= 0 and a4, a12 are not all zero, the stabilizer is G4.
(iii) a16 6= 0, a18 6= 0
Now, the stabilizer is G2.
From the above analysis, we can determine the number of isomorphism classes.
Theorem 4.1. Suppose char(Fq) 6= 2, 3. Let N denote the number of isomorphism classes of
pointed hyperelliptic curves of genus g = 4 over Fq . Then we have:
N 3 - (q − 1) 3 | (q − 1), 9 - (q − 1) 9 | (q − 1)
4 - (q − 1) 2q7 2q7 + 4q2 − 4q + 4 2q7 + 4q2 − 4q + 16
4 | (q − 1), 8 - (q − 1) 2q7 + 2q3 − 2q2 + 2q − 2 2q7 + 2q3 + 2q2 − 2q + 2 2q7 + 2q3 + 2q2 − 2q + 14
8 | (q − 1), 16 - (q − 1) 2q7 + 2q3 − 2q2 + 6q − 6 2q7 + 2q3 + 2q2 + 2q − 2 2q7 + 2q3 + 2q2 + 2q + 10
16 | (q − 1) 2q7 + 2q3 − 2q2 + 6q + 2 2q7 + 2q3 + 2q2 + 2q + 6 2q7 + 2q3 + 2q2 + 2q + 18
Proof. From the above analysis, we can partition the setH as follows.
Define H1 = { f ∈ H | a18 6= 0, a4 = a6 = a8 = a10 = a12 = a14 = a16 = 0}. We have
|H1| = q − 1, the stabilizer is G f = G18. Define H2 = { f ∈ H | a16 = 0, a18 6= 0, a4 =
a8 = a10 = a14 = 0, a6, a12 are not all zero}. For f ∈ H2, the stabilizer is G f = G6. By
Proposition 3.3, we have |H2| = L3 + L4 + L6 = (q − 1)(q − 2)+ (q − 1)(q − 2)+ (q − 1)
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(q2 − 3q + 4) = q(q − 1)2. Define H3 = { f ∈ H | a16 6= 0, a4 = a6 = a8 = a10 = a12 = a14
= a18 = 0}. For f ∈ H3, the stabilizer is G f = G16. And |H3| = q − 1. Define H4 = { f ∈ H
| a16 6= 0, a8 6= 0, a4 = a6 = a10 = a12 = a14 = a18 = 0}. For f ∈ H4, the stabilizer is G f
= G8. And |H4| = (q − 1)(q − 2). DefineH5 = { f ∈ H | a16 6= 0, a6 = a10 = a14 = a18 = 0,
a4, a12 are not all zero}. For f ∈ H5, the stabilizer is G f = G4. By Proposition 3.4, we have
|H5| = R = q2(q−1)2. DefineH6 = H−⋃5i=1Hi . For f ∈ H6, the stabilizer isG f = G2. And
we have |H6| = |H| −∑5i=1 |Hi | = (q − 1)(q7 − q3).
Therefore, we have
N = |H1|
(q − 1)/|G18| +
|H2|
(q − 1)/|G6| +
|H3|
(q − 1)/|G16| +
|H4|
(q − 1)/|G8|
+ |H5|
(q − 1)/|G4| +
|H6|
(q − 1)/|G2|
= 2 · gcd(q − 1, 9)+ gcd(q − 1, 16)+ (q − 2) · gcd(q − 1, 8)
+ 2q(q − 1) · gcd(q − 1, 3)+ q2(q − 1) · gcd(q − 1, 4)+ 2(q7 − q3).
Obviously, the expression of N yields the theorem. 
5. Char(Fq) = 3
In this section we suppose char(Fq) = 3. Let q = 3m(m > 0). Note that the mapping x
7−→ x3 is a bijection of Fq onto itself. Now Eq. (1) turns into
αa1 = 2γ + a1,
α3a3 = 2δ + βa1 + a3,
α5a5 = 2θ + a5,
α7a7 = 2η + β3a1 + 2βa5 + a7,
α9a9 = 2ε + β4a1 + β3a3 + β2a5 + βa7 + a9,
α2a2 = 2γ 2 + 2γ a1 + a2,
α4a4 = γ δ + (2δ + 2βγ )a1 + 2βa2 + 2γ a3 + a4,
α6a6 = 2δ2 + γ θ + (2θ + 2βδ)a1 + β2a2 + 2δa3 + βa4 + 2γ a5 + a6,
α8a8 = γ η + δθ + (2η + 2βθ + 2β3γ )a1 + 2β3a2 + 2θa3 + (2δ + βγ )a5
+ 2γ a7 + a8,
α10a10 = 2θ2 + δη + γ ε + (2ε + 2βη + 2β3δ + 2β4γ )a1 + β4a2 + (2η + 2β3γ )a3
+ 2β3a4 + (2θ + βδ + 2β2γ )a5 + (2βγ + 2δ)a7 + 2βa8 + 2γ a9 + a10,
α12a12 = θη + δε + (2βε + 2β3θ + 2β4δ)a1 + 2β5a2 + (2ε + 2β3δ)a3 + 2β4a4
+ (2η + βθ + 2β2δ)a5 + 2β3a6 + (2θ + 2βδ)a7 + β2a8 + 2δa9
+βa10 + a12,
α14a14 = θε + 2η2 + (2β4θ + 2β3η)a1 + β6a2 + 2β3θa3 + (2β2θ + βη + 2ε)a5
+ (2βθ + 2η)a7 + β3a8 + 2θa9 + a14,
α16a16 = ηε + (2β4η + 2β3ε)a1 + 2β7a2 + 2β3ηa3 + β6a4 + (2β2η + βε)a5
+ (2βη + 2ε)a7 + 2β4a8 + 2ηa9 + β3a10 + 2βa14 + a16,
α18a18 = β9 + 2ε2 + 2β4εa1 + β8a2 + 2β3εa3 + β7a4 + 2β2εa5 + β6a6
+ 2βεa7 + β5a8 + 2εa9 + β4a10 + β3a12 + β2a14 + βa16 + a18.
(4)
In Eq. (4), we can choose γ, δ, θ, η, ε such that a1 = a3 = a5 = a7 = a9 = 0. So we can
suppose that a1 = a3 = a5 = a7 = a9 = 0. Now Eq. (4) turns into (we must have
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γ = δ = θ = η = ε = 0):
α2a2 = a2,
α4a4 = 2βa2 + a4,
α6a6 = β2a2 + βa4 + a6,
α8a8 = 2β3a2 + a8,
α10a10 = β4a2 + 2β3a4 + 2βa8 + a10,
α12a12 = 2β5a2 + 2β4a4 + 2β3a6 + β2a8 + βa10 + a12,
α14a14 = β6a2 + β3a8 + a14,
α16a16 = 2β7a2 + β6a4 + 2β4a8 + β3a10 + 2βa14 + a16,
α18a18 = β9 + β8a2 + β7a4 + β6a6 + β5a8 + β4a10 + β3a12 + β2a14 + βa16 + a18.
(5)
The Weierstrass equation turns into
v2 = f (u), (6)
where f (u) = u9 + a2u8 + a4u7 + a6u6 + a8u5 + a10u4 + a12u3 + a14u2 + a16u + a18. Eq. (6)
represents a hyperelliptic curve if and only if f (u) is a separable polynomial over Fq . The
coordinate transformation is
(u, v) 7−→ (α2u + β, α9v), α 6= 0.
DefineH = { f | f (u) = u9+a2u8+a4u7+a6u6+a8u5+a10u4+a12u3+a14u2+a16u+a18
∈ Fq [u], f (u) is separable}. By Theorem 3.1, we have |H| = q9 − q8.
By Eq. (5) we can distinguish nine cases.
When a2 6= 0, we put β = a4/a2, from Eq. (5), we have a4 = 0. So we can suppose a4 = 0.
Now Eq. (6) becomes
v2 = u9 + a2u8 + a6u6 + a8u5 + a10u4 + a12u3 + a14u2 + a16u + a18. (7)
When a2 = 0, a4 6= 0, we put β = 2a6/a4, from Eq. (5), we have a6 = 0. So we can suppose a6
= 0. Now Eq. (6) becomes
v2 = u9 + a4u7 + a8u5 + a10u4 + a12u3 + a14u2 + a16u + a18. (8)
When a2 = a4 = 0, a8 6= 0, we put β = a10/a8, from Eq. (5), we have a10 = 0. So we can
suppose that a10 = 0. Now Eq. (6) becomes
v2 = u9 + a6u6 + a8u5 + a12u3 + a14u2 + a16u + a18. (9)
When a2 = a4 = a8 = 0, a6 6= 0, a10 = 0, we put β3 = a12/a6, from Eq. (5), we have a12 = 0.
So we can suppose a12 = 0. Now Eq. (6) becomes
v2 = u9 + a6u6 + a14u2 + a16u + a18. (10)
When a2 = a4 = a8 = 0, a6 6= 0, a10 6= 0, a14 = 0, we put β3 = 2a16/a10, from Eq. (5), we
have a16 = 0. So we can suppose a16 = 0. Now Eq. (6) becomes
v2 = u9 + a6u6 + a10u4 + a12u3 + a18. (11)
When a2 = a4 = a8 = 0, a6 6= 0, a10 6= 0, a14 6= 0, now Eq. (6) becomes
v2 = u9 + a6u6 + a10u4 + a12u3 + a14u2 + a16u + a18. (12)
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When a2 = a4 = a8 = a6 = 0, a10 6= 0, we put β = 2a12/a10, from Eq. (5), we have a12 = 0.
So we can suppose a12 = 0. Now Eq. (6) becomes
v2 = u9 + a10u4 + a14u2 + a16u + a18. (13)
When a2 = a4 = a8 = a6 = a10 = 0, a14 6= 0, we put β = a16/a14, from Eq. (5), we have
a16 = 0. So we can suppose a16 = 0. Now Eq. (6) becomes
v2 = u9 + a12u3 + a14u2 + a18. (14)
When a2 = a4 = a8 = a6 = a10 = a14 = 0, Eq. (6) becomes
v2 = u9 + a12u3 + a16u + a18. (15)
Thus, we have the following.
Proposition 5.1. If char(Fq) = 3, then the Weierstrass equation of a hyperelliptic curve of genus
4 over the finite field Fq is equivalent to a unique one of (7)–(15).
Below, we compute the number of isomorphism classes of hyperelliptic curves of form
(7)–(15).
Proposition 5.2. Let N1 denote the number of isomorphism classes of hyperelliptic curves of
form (7). DefineH1 = { f ∈ H | a2 6= 0, a4 = 0}. Then we have N1 = 2|H1|/(q − 1).
Proof. Now Eq. (5) turns into (we must have β = 0)
α2a2 = a2,
α6a6 = a6,
α8a8 = a8,
α10a10 = a10,
α12a12 = a12,
α14a14 = a14,
α16a16 = a16,
α18a18 = a18.
(16)
The coordinate transformation is (u, v) 7→ (α2u, α9v), α 6= 0. So the group of the coordinate
transformations is determined by α, and its order is q − 1. For f ∈ H1, the stabilizer of f , by
Eq. (16), is {α ∈ F∗q | α2 = 1} and its size is 2. Therefore, we have
N1 = |H1|
(q − 1)/2 =
2|H1|
q − 1 . 
Proposition 5.3. Let N2 denote the number of isomorphism classes of hyperelliptic curves of
form (8). DefineH2 = { f ∈ H | a2 = 0, a4 6= 0, a6 = 0}. Then we have
N2 =

2|H2|
q − 1 if m is odd,
2|H2|
q − 1 + 2(q
3 − 2q2 + 2q − 2) if m is even.
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Proof. Now Eq. (5) turns into (we must have β = 0)
α4a4 = a4,
α8a8 = a8,
α10a10 = a10,
α12a12 = a12,
α14a14 = a14,
α16a16 = a16,
α18a18 = a18.
(17)
The coordinate transformation is (u, v) 7→ (α2u, α9v), α 6= 0. So the group of the coordinate
transformations is determined by α, and its order is q − 1. For f ∈ H2, by Eq. (17), in the
stabilizer of f , we have
α4a4 = a4, α8a8 = a8, α10a10 = a10, α12a12 = a12,
α14a14 = a14, α16a16 = a16, α18a18 = a18.
Since a4 6= 0, we have α4 = 1. If a10 = a14 = a18 = 0, the stabilizer of f is {α ∈ F∗q | α4 = 1},
and its size is
gcd(q − 1, 4) =
{
2 if m is odd,
4 if m is even.
If a10, a14, a18 are not all zero, the stabilizer of f is {α ∈ F∗q | α2 = 1} and its size is 2.
Define
H21 = { f ∈ H2 | a10 = a14 = a18 = 0},
H22 = { f ∈ H2 | a10, a14, a18 are not all zero}.
We have a partition for H2: H2 = H21 ∪H22. By Proposition 3.4, it is easy to see |H21| = R3
= (q − 1)(q3 − 2q2 + 2q − 2). Therefore, we have
N2 = |H21|
(q − 1)/ gcd(q − 1, 4) +
|H2| − |H21|
(q − 1)/2
=

2|H2|
q − 1 if m is odd,
2|H2|
q − 1 + 2(q
3 − 2q2 + 2q − 2) if m is even. 
Proposition 5.4. Let N3 denote the number of isomorphism classes of hyperelliptic curves of
form (9). DefineH3 = { f ∈ H | a2 = a4 = 0, a8 6= 0, a10 = 0}. Then we have
N3 =

2|H3|
q − 1 if m is odd,
2|H3|
q − 1 + 2q
2 − 6 if m is even.
Proof. Similarly to the proof of Proposition 5.3, we omit the details. 
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Proposition 5.5. Let N4 denote the number of isomorphism classes of hyperelliptic curves of
form (10). DefineH4 = { f ∈ H | a2 = a4 = a8 = 0, a6 6= 0, a10 = a12 = 0}. Then we have N4
= 2|H4|/(q − 1).
Proof. Similarly to the proof of Proposition 5.2, we omit the details. 
Proposition 5.6. Let N5 denote the number of isomorphism classes of hyperelliptic curves of
form (11). DefineH5 = { f ∈ H | a2 = a4 = a8 = 0, a6 6= 0, a10 6= 0, a14 = a16 = 0}. Then we
have |H5| = q(q − 1)3 and N5 = 2q(q − 1)2.
Proof. As this is similar to the proof of Proposition 5.2, we omit the details. 
Proposition 5.7. Let N6 denote the number of isomorphism classes of hyperelliptic curves of
form (12). DefineH6 = { f ∈ H | a2 = a4 = a8 = 0, a6 6= 0, a10 6= 0, a14 6= 0}. Then we have
N6 = 2|H6|q(q − 1) + 2(q − 1)
2.
Proof. Now Eq. (5) turns into
α6a6 = a6,
α10a10 = a10,
α12a12 = 2β3a6 + βa10 + a12,
α14a14 = a14,
α16a16 = β3a10 + 2βa14 + a16,
α18a18 = β9 + β6a6 + β4a10 + β3a12 + β2a14 + βa16 + a18.
(18)
Thus, the group G of the coordinate transformations consists of g = (α, β)with α 6= 0. Hence
|G| = q(q − 1). We will use the Burnside lemma to compute the value of N6. The set of points
is justH6. For f ∈ H6, g ∈ G, in fixH6(g), by Eq. (18), we have
α6a6 = a6,
α10a10 = a10,
α12a12 = 2β3a6 + βa10 + a12,
α14a14 = a14,
α16a16 = β3a10 + 2βa14 + a16,
α18a18 = β9 + β6a6 + β4a10 + β3a12 + β2a14 + βa16 + a18.
(19)
Since a6 6= 0, a10 6= 0, a14 6= 0, we have α6 = α10 = α14 = 1, i.e., α2 = 1. Hence α = 1 or 2.
Now it is easy to see that Eq. (19) is equivalent to
β3a6 = βa10,
β3a10 = βa14,
β9 + β3a12 + βa16 = 0.
(20)
Therefore, if α2 6= 1, then we have fixH6(g) = ∅; if α2 = 1 and β = 0, then we have fixH6(g)= H6; if α2 = 1 and β 6= 0, now f (u) = u9+ a6u6+ a10u4+ a12u3+ a14u2+ a16u+ a18, and
by Eq. (20) we have
a10 = β2a6, a14 = β4a6, a16 = 2β8 + 2β2a12.
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We compute (by Maple)
Res( f, f ′) = β18(2β54 + β36a66 + 2β18a66a312 + a66a612 + 2a912 + 2a96a318).
We can see, when we fix a6 and a12, for Res( f, f ′) 6= 0, a18 can be any arbitrary value except a
specific one. Hence |fixH6(g)| = q(q − 1)2. Therefore,∑
g∈G
|fixH6(g)| = 2|H6| + 2(q − 1) · q(q − 1)2 = 2|H6| + 2q(q − 1)3.
Therefore, by the Burnside lemma, we have N6 = 2(q − 1)2 + 2|H6|/q(q − 1). 
Proposition 5.8. Let N7 denote the number of isomorphism classes of hyperelliptic curves of
form (13). Define H7 = { f ∈ H | a2 = a4 = a6 = a8 = a12 = 0, a10 6= 0}. Then we have N7
= 2|H7|/(q − 1).
Proof. As it is similar to the proof of Proposition 5.2, we omit the details. 
Proposition 5.9. Let N8 denote the number of isomorphism classes of hyperelliptic curves of the
form (14). Define H8 = { f ∈ H | a2 = a4 = a6 = a8 = a10 = a16 = 0, a14 6= 0}. Then we
have |H8| = q(q − 1)2 and N8 = 2q(q − 1).
Proof. Similarly to the proof of Proposition 5.2, we omit the details. 
Proposition 5.10. Let N9 denote the number of isomorphism classes of hyperelliptic curves of
the form (15). DefineH9 = { f ∈ H | a2 = a4 = a6 = a8 = a10 = a14 = 0}. Then we have |H9|
= q2(q − 1) and
N9 =
4q − 2 if 2 - m,6q + 2 if 2 | m, 4 - m,6q + 10 if 4 | m.
Proof. Similar to the proof of Proposition 5.7, so we omit the details. 
To obtain the final explicit formulae, the following is a key lemma.
Lemma 5.11. Using the above notations, we have |H1| + |H2| + |H3| + |H4| + |H7| + |H6|/q
= q(q − 1)2(q5 + q4 + q3 + q2 + 1).
Proof. DefineW = { f | f (u) = u9+a2u8+a4u7+a6u6+a8u5+a10u4+a12u3+a14u2+a16u
+ a18 ∈ Fq [u], f (u) is separable}. W is just the above H. By Theorem 3.1, we have |W | = q9
− q8. Define W1 = { f ∈ W | a2 6= 0},W2 = { f ∈ W | a2 = 0}. We will prove that |W1| = q
|H1|. Define a mapping σ : W1 −→ H1, σ ( f (u)) = f
(
u + a4a2
)
. It is easy to see that σ is indeed
a mapping from W1 into H1. And for each g ∈ H1, for each λ ∈ Fq , we have g(u + λ) ∈ W1
and σ(g(u + λ)) = g(u). Hence, σ is onto and σ maps each q elements in W1 into one element
inH1. Therefore, we have |W1| = q|H1|.
Define W21 = { f ∈ W2 | a4 6= 0},W22 = { f ∈ W2 | a4 = 0}. Similarly, we have |W21|
= q|H2|. Define W221 = { f ∈ W22 | a8 6= 0},W222 = { f ∈ W22 | a8 = 0}. Similarly, we have
|W221| = q|H3|. Define
W2221 = { f ∈ W222 | a6 6= 0, a10 = 0}; (Similarly, we have |W2221| = q|H4|.)
W2222 = { f ∈ W222 | a6 6= 0, a10 6= 0, a14 = 0};
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(Similarly, we have |W2222| = q|H5| = q2(q − 1)3.)
W2223 = { f ∈ W222 | a6 6= 0, a10 6= 0, a14 6= 0}; (We have |W2223| = |H6|.)
W2224 = { f ∈ W222 | a6 = 0, a10 6= 0}; (Similarly, we have |W2224| = q|H7|.)
W2225 = { f ∈ W222 | a6 = a10 = 0, a14 6= 0};
(Similarly, we have |W2225| = q|H8| = q2(q − 1)2.)
W2226 = { f ∈ W222 | a6 = a10 = a14 = 0}. (We have |W2226| = |H9| = q2(q − 1).)
Since we have a disjoint union
W = W1
⋃
W21
⋃
W221
⋃
W2221
⋃
W2222
⋃
W2223
⋃
W2224
⋃
W2225
⋃
W2226,
Hence
q9 − q8 = q(|H1| + |H2| + |H3| + |H4| + |H7|)+ |H6|
+ q2(q − 1)+ q2(q − 1)2 + q2(q − 1)3.
We get |H1| + |H2| + |H3| + |H4| + |H7| + |H6|/q = q(q − 1)2(q5+ q4+ q3+ q2+ 1). 
Theorem 5.12. Let N denote the number of isomorphism classes of pointed hyperelliptic curves
of genus 4 over the finite field Fq , where q = 3m(m > 0). Then we have
N =

2q7 + 2q2 − 2q if 2 - m,
2q7 + 2q3 + 4q − 6 if 2 | m but 4 - m,
2q7 + 2q3 + 4q + 2 if 4 | m.
Proof. As N =∑9i=1 Ni , it follows from Propositions 5.2–5.10 and Lemma 5.11. 
Remark. We do not compute the values of |H1|, |H2|, |H3|, |H4|, |H6| and |H7| separately. In
fact, they are very difficult (maybe impossible) to compute. Thanks to Lemma 5.11, we can obtain
the final explicit formula without knowing the values of |H1|, |H2|, |H3|, |H4|, |H6| and |H7|.
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